Abstract. The orientation-dependent surface energies of fcc Pb for more than 30 vicinal orientations, distributed over the [110] and [001] zones of the stereographic triangle, have been studied by density-functional theory. For bulk-truncated structures almost all vicinal surfaces are found to be unstable and would facet into (111) and (100) orientations. However, after surface relaxation, all vicinal surfaces are stable relative to faceting into (111) and (100) orientations. There are also regions of relaxed vicinal surfaces which will facet into nearby stable vicinal surfaces. Overall, surface relaxation significantly affects the equilibrium crystal shape (ECS) of Pb. In both the [110] and [001] crystallographic zones the (110), (112), (221), and (023) facets are found on the ECS only after relaxation, in addition to (111) and (100). This result is in agreement with the experimental ECS of Pb at 353 K.
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Institute of Physics ⌽ DEUTSCHE PHYSIKALISCHE GESELLSCHAFT T = 320-353 K. No comparison can be made with experimental stability studies of Pb vicinal surfaces because they do not exist to our knowledge. A quantitative comparison of theoretical and experimental step energies will also be presented. Finally, we will compare step energies estimated from the theoretical ECS with corresponding values derived from the same theoretical ASE data using the thermodynamic definition of the ASE, γ(θ), which relates the first derivative of γ(θ) with respect to orientation θ, extrapolated to the limit of vanishing step density, to the step formation energy [22, 39] .
The results of our DFT calculations of the ASE of Pb are summarized in figures 1 and 2 as plots of the projected surface energy, f(θ) = γ(θ)/ cos θ, versus tan θ, where θ is the angle of misorientation relative to the nearest low-index (111) or (100) surfaces. Results are shown for the two major [110] and [001] zones encompassing the low-index orientations (111), (100) and (110). Two different data sets, one for unrelaxed surfaces and the other for fully relaxed surfaces, are presented. There are noteworthy differences between these two sets: firstly, the absolute values of surface energies are substantially higher for the unrelaxed surfaces, and secondly, because of the orientation-dependent surface relaxation energies, the degree of anisotropy is lower for the relaxed surfaces [15] . The primary calculated γ(θ) plots exhibit pronounced minima at the (111) and (100) orientations, so-called cusps, as well as a semi-cusp for the (110) orientation [22] . The data of figures 1 and 2 serve as the base for deriving information on the stability of vicinal Pb surfaces and for constructing the ECS of Pb crystallites.
To begin with the stability of vicinal surfaces, we refer to Herring's criterion for faceting of a surface of an arbitrary orientation defined by its normal n and area S, illustrated in figure 3, into stable facet orientations n 1 with area S 1 and n 2 with area S 2 , respectively [40] :
Usually at least one of the facet orientations is a low-index (low surface energy) orientation. The condition (1) which is a simple energy imbalance was shown to be equivalent to the following Schematic illustrating the faceting of a surface S with normal n into facets S 1 and S 2 , with normals n 1 and n 2 , respectively [17] .
condition [16] 
where θ is a polar angle of orientation relative to a reference plane. Equation (2) means that a point on a straight line, f (θ), connecting the surface energies of stable low-index orientations, has to be subtracted from f(θ), and if f(θ) > 0, faceting will occur. Alternatively, if f(θ) < 0, the orientation is stable. Wanting to judge the stability of all orientations in figures 1 and 2, we make use of equation (2) and draw lines of f (θ) connecting a (111) and a (100) orientation or two equivalent (111) orientations in the [110] zone (figure 1). For the [001] zone, two equivalent (100) orientations are connected (figure 2). The lines are included in figures 1 and 2. Immediately, we recognize that nearly all surface orientations in their unrelaxed configuration are unstable while the relaxed surfaces are stable. This can be seen in more detail in the following figures 4 and 5 which show the energy differences f(θ) versus tan θ. Figure 4 demonstrates that all orientations except (551) are unstable for the unrelaxed surfaces. For all relaxed surface orientations f(θ) < 0, i.e. they will not facet into (111) and (100) orientations. However, there are local regions of instability, defined by inflection points, where the curvature changes from positive to negative. For example, the (113) and probably [001] zone all neighbouring surfaces will facet into stable (114) and (112). A second region of instability is between (331), or perhaps (221), and (110). Orientations such as (115) and (117) are also unstable and will facet into (119) and (114) which suggest a broad region of instability. The surfaces of low energies and thus special stability are (110), (221), (112) and (114) in the [110] zone. The (114) is a special case because it exhibits two different steps per unit cell, with unequal step height and step separation. The same is true for the (551) surface. Vicinal surfaces of this kind appear to have relatively lower surface energy and thus higher stability than those with a single type of step.
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Institute of Physics ⌽ DEUTSCHE PHYSIKALISCHE GESELLSCHAFT Figure 6 . Single quadrants of a polar plot of γ(θ) and the constructed ECS for unrelaxed (on the left) and facets, new (112) and (221) facets are present on the relaxed crystal. A small (110) facet may also be present on the relaxed crystal. Sharp edges between facets are tentative because of a finite number of surface energy points.
The analogous situation for the [001] zone is illustrated in figure 5 .Again the relaxed surfaces are stable with respect to faceting into (100) surfaces. The surface with the lowest f(θ) value and hence the highest relative stability is (023). There is a local region of instability around the (012) orientations; surfaces of lower θ in this region will facet into adjacent (013) and (023) orientations. A narrow region of instability is found at larger θ between (023) and (045). All orientations within this region should facet into the bounding stable orientations. Of course, it would be interesting to check some of these predictions experimentally.
Now we turn to the construction of parts of the ECS by using the theoretical surface energies of Pb in figure 1 . Instead of constructing a three-dimensional ECS, it suffices to take a look at a cut of the ECS in a high symmetry [110] zone. There are two mirror planes in this zone, such that a single quadrant contains all relevant information on the anisotropy of γ(θ). Figure 6 shows a polar plot of the surface energy γ(θ) ('γ-plot') for a quadrant between (110) and (100) for the unrelaxed (left-hand side) and the relaxed (right-hand side) surfaces, respectively. Applying the Wulff construction point-by-point to γ(θ) [2] , stable crystal facets are obtained. Facets are indicated by straight lines which are shown only for those γ(θ) points which actually define the ECS. Since γ(θ) is given by a finite number of data points, there is an uncertainty about the complete ECS, in particular concerning the transitions between neighbouring facets. These transitions may be continuous or discontinuous, in the latter case characterized by sharp edges separating facets. This uncertainty can unfortunately not be resolved on the basis of the computed digital γ(θ) function. We will return to this point further below. Figure 6 shows remarkable differences between the ECS for the unrelaxed and relaxed surfaces which are consistent with the changes of surface stability due to relaxation. For unrelaxed surfaces, the only stable facets are (111) and (100) in this zone while the ECS for relaxed surfaces exhibits in addition (221) and (112) facets as well as evidence for a very small (110) facet. Stable 7
Institute of Physics ⌽ DEUTSCHE PHYSIKALISCHE GESELLSCHAFT Figure 7 . STM image of a portion of an equilibrated Pb crystallite [36] . Six twofold symmetric facets of (221) and (112) orientations are seen around the central (111) facet. A (100) facet is also present on the periphery of the truncated Pb crystallite whose diameter at the base is about 550 nm. The crystallite was equilibrated at T = 353 K.
(221) and (112) facets, located in the [110] zone, have indeed been found experimentally on the ECS around 300-353 K [36, 41] and on growth forms at T = 323 K [28] . The very small (110) facet in figure 6 has not been observed experimentally on the ECS. An example of a scanning electron tunnelling microscope (STM) image showing a (111) facet and neighbouring (211) and (112) facets is presented in figure 7 [36] . The crystallite was equilibrated at T = 353 K. The (112) facets can typically be observed at T < 393 K, while (221) facets have a lower range of existence at T < 373 K. Since the (111) plane of equilibrated Pb crystallites is parallel to the substrate surface and the (221) and (112) facets are less than 20
• away from this plane, they are easily imaged by the STM. Facets further away on the round parts of the crystallite, especially if they are small or highly anisotropic, are much more difficult to detect. This is true for all possible facets in the [001] zone, for example, except the large round (100) facet which is located on the contact edge of the crystallite in figure 7 . with high aspect ratio has not been identified in an experimental ECS [36] although a (110) facet has been claimed to be present on the growth shape of a Pb crystallite [28] .
The appearance of new facets due to surface relaxation may be typical for Pb because it is known to exhibit particularly large relaxations [13, 21, 25, 26, 42, 43] . The relaxation itself is of electronic origin, due to charge smoothing at the surface [44] and Friedel oscillations of the electron density near a surface which cause an electrostatic force to the ionic cores in the outermost layers. The significant decrease in surface energy due to relaxation, e.g. 5.6% for (111), 10% for (112) and (221), and 13.6% for (110) [22] , changes the degree of surface energy anisotropy which then enables, for example, (023), (112) and (221) orientations to be stabilized and to appear on the relaxed ECS. In noble and transition metals, surface relaxations and related decreases in the surface energy are smaller than for Pb [14, 45] . Hence the effect on the ECS of those metals may not be so significant.
The radius of a facet on the ECS (in a high symmetry direction) is a measure of the energy of the step bounding the facet, provided the transition from facet to vicinal surface is continuous [39] . However, when the transitions between facets on the ECS at 0 K are discontinuous, such as tentatively drawn in figures 6 and 8, it is still possible to obtain a lower limit for the step energies from the facet radii [46, 47] . On the other hand, if the transitions were actually continuous, the values determined from the facet radii, such as drawn in figures 6 and 8, would be an upper limit of the step energies. At this point, we note that step energies of Pb have been determined from the same ASE data according to the thermodynamic definition mentioned above [39] which requires a linear dependence of f(θ) versus tan θ in a region close to a low-index facet orientation [22] . Such a dependence was proven to exist for Pb surfaces vicinal to (111), (100) and (110) surfaces. Corresponding step energies have been evaluated and reported [22] .
From the foregoing it is now of interest to estimate step energy values from the facets in figures 6 and 8 and to compare them with those obtained via the thermodynamic definition of 9
Institute of Physics ⌽ DEUTSCHE PHYSIKALISCHE GESELLSCHAFT Table 1 . Comparison of step energies for relaxed surfaces of Pb, derived from the ECS facet radii (figures 6 and 8), from the thermodynamic definition of anisotropic f(θ) versus tan θ in the limit of θ → 0 [22, 39] , and obtained experimentally [36, 48] . The step direction is identical to the crystallographic zone axis.
Step energy f 1 (0)
Step (100), (111) and (110), respectively. b T = 0 K. c T = 323 K. the step energy [22] . For this reason we measure graphically the ratio of the facet radius, r f , over the facet separation from the crystal centre, z 0 , for each facet to obtain the step energy f 1 (0) of the corresponding vicinal surface. The relationship is simply f i 1 (0) ≥ 1.9 meV Å −2 , respectively, suggesting an aspect ratio of 25. In the latter case the value of the step energy (110)[001]C estimated from the ECS is considerably larger than the value determined thermodynamically. A similar but much less significant discrepancy is noted for the (100) step energies (see table 1 ).
The overall comparison in table 1 shows that the step energies of vicinal surfaces estimated from the ECS are almost the same (except for (110)[001]/C) as those derived via the thermodynamic definition [22] . In other words, the lower limit meets the true value of the step energy. This result suggests strongly that the transitions between facets and vicinal surfaces for the calculated ECS of Pb (at T = 0 K) are continuous, i.e. that there should be rounded edges between neighbouring facets. This can be proven if a much higher density of surface energy points were calculated to provide a quasi-continuous γ(θ) function. The transition region may in fact be very narrow on the ECS. In the case of the (110)[001] C-step the lower limit surpasses the thermodynamic value of the step energy by 1.6 meV Å −2 which is a clear indication that the transition between (110) and (023) facets must be continuous, or alternatively, that other facets may exist in this transition region. Hence the estimates for both (110) and (023) vicinal step energies in this zone, based on facet radii, are not trustworthy. Finally, we note that the theoretical ratio of C/A step energies for the (100) facet in table 1 is about 1.26. Hence the facet is not a square at T = 0 K but probably an irregular octagon. At T > 0 it may turn into a square with round corners. The reason for a C/A ratio < √ 2 may be due to next nearestneighbour interactions and zero point vibrational energy [49] . The theoretical C/A ratio for Pb is thus remarkably close to an experimental ratio of 1.24 (extrapolated to T = 0 K) determined for equilibrated Cu(100) islands [50] .
We also list experimental values for step free energies [36] in table 1 and note that there is reasonable agreement with the step energies obtained theoretically. For the (111) vicinal steps the experimental values are determined and quoted at T = 0 K [48] . The 13-16% difference can be due to experimental error and has been discussed elsewhere [22] . The other values are obtained at T = 323 K by scaling to experimental surface free energies of the corresponding facet orientations [36] . The higher temperature causes the step free energies to be lower than at T = 0 K. At this point we discuss briefly the temperature dependence of the ECS which is closely related to the temperature dependence of facet shapes and sizes. The latter is directly related to the step free energies [39] whose temperature dependence is governed by mainly two effects: firstly, the thermal excitation of kinks and the associated meandering of steps, and secondly, higher amplitudes of vibrations of step and kink atoms compared to terrace atoms [51, 52] , giving rise to a vibrational entropy term [16, 53] . Both effects have been accounted for by thermodynamic theory where the vibrational entropy has been estimated [54, 55] as well as calculated in the framework of lattice dynamical models of increasing complexity [52, 56] . The dominant effect, especially at elevated temperatures, is thermal kink formation which leads to terms that depended exponentially on temperature in the expression for the step free energy, f 1 (T). The lower the kink energy, the stronger the decrease in f 1 (T). For facets with inequivalent step energies there can be different kink energies as well, so for the (111) facet [48] . For the fourfold symmetric (100) facet there are two different step energies but only one kink energy for the [110] step because the [100] step is already fully kinked at T = 0 K. The shape change of the facet can be described by Ising theory [50] or by including first and second neighbour interactions at the step edge as well as a vibrational energy term [49] . The expected octagonal shape near 0 K (with rounded corners) changes into a circular shape at high temperature. Twofold symmetric facets, such as (110), (211) and (221), are also bound by two inequivalent steps, one of which is fully kinked. With increasing temperature the aspect ratios of the oval facets decrease due to kink formation on the close-packed step and vibrational entropy. High temperature leads eventually to the disappearance of each facet except Pb(111). The temperature of disappearance is characteristic of the facet orientation and thus indicative of a roughening transition of this facet. At the roughening temperature the free energies of the steps bounding the facet become zero. In other words, as long as a facet is visible, e.g. the (211) facet at 353 K in figure 7 , the corresponding surface has not undergone a roughening transition. Even more, these surfaces are well below their surface melting temperature [57, 58] , provided such a transition exists for a particular surface.
The vibrational entropy is equally important for the temperature dependence of the step free energy. In the harmonic regime it is a constant quantity at low temperatures but may be increasing at high temperature because of anharmonicity. The latter is expected for Pb since evidence for anharmonic surface vibrations has been detected for Pb(110) at T > 400 K [59] . The order of magnitude of the vibrational step entropy in the harmonic approximation has been estimated as 0.03-0.05 meV K −1 per atom for close-packed steps on vicinal (111) surfaces of Pb and Ag [16, 53] . Returning to table 1 we note a decrease in the step free energies from 0 to 323 K for the (100)[110]A, the (221) [110] and (211)[110] steps of 10 to over 40%. The (100) facet exhibits the lower relative decrease of about 0.9 meV Å −2 and has a circular shape at 323 K, i.e., only one step free energy is quoted. The step entropy for this type of step is estimated as 0.017 meV K −1 per atom. At 323 K the step vibrational free energy amounts then to about −0.6 meV Å −2 which accounts for more than half of the decrease at 323 K while the rest has to be attributed to the meandering entropy of the step. For the (221) and (211) steps the decrease in f 1 (T) at 323 K is also expected to be due to vibrational entropy and kink formation because both orientations are not far from their roughening temperature at T < 393 K. In this case, we will not attempt to decompose the observed decrease in f 1 (T) of 0.6-0.8 meV Å −2 into vibrational and meandering free energy contributions. Overall, the experimental step-free energies are qualitatively consistent with the theoretical results in table 1.
In summary, an extensive set of theoretical surface energy data of Pb obtained by DFT calculations enables us to provide detailed information on the stability of vicinal surfaces in the [110] and [001] zones of Pb. A major result is that surface relaxation has a profound influence on the stability of vicinal surfaces at T = 0 K. The ECSs of unrelaxed and relaxed Pb were also determined in the same zones. For unrelaxed surfaces the only facets are (111) and (100) in the [110] zone. Relaxation causes, in addition, highly anisotropic (110), (112), (221) and (023) facets to appear.
Step energies of surfaces vicinal to these facets have been estimated from the facet radii and compared with data derived previously by a continuum thermodynamics approach. The close agreement suggests that there are probably no sharp edges on the ECS of Pb at T = 0 K. A comparison of theoretical and experimental step energies shows reasonable agreement when the effect of temperature is considered.
